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Abstract
The Grundy (or First-Fit) chromatic number of a graph G is the maximum number of colors used by the First-Fit coloring of the
graph G. In this paper we give upper bounds for the Grundy number of graphs in terms of vertex degrees, girth, clique partition
number and for the line graphs. Next we show that if the Grundy number of a graph is large enough then the graph contains a
subgraph of prescribed large girth and Grundy number.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and related results
A Grundy k-coloring of a graph G is a proper k-coloring of vertices in G using colors {1, 2, . . . , k} such that for any
two colors i and j , i < j , any vertex colored j is adjacent to some vertex colored i. The First-Fit or Grundy chromatic
number (or simply Grundy number) of a graph G, denoted by (G), is the largest integer k, such that there exists a
Grundy k-coloring for G. It can be easily seen that (G) equals to the maximum number of colors used by the greedy
(or First-Fit) coloring of G [10]. As an example, in Fig. 1, a tree of Grundy number equal to 4 is displayed. It was
shown that to determine the Grundy number of a graph is an NP-complete problem even for the complement of bipartite
graphs [9]. A vertex coloring similar to the Grundy coloring is b-coloring. A b-coloring of a graph G using k colors
is any proper vertex coloring of G using {1, 2, . . . , k} in such a way that for each color i there exists a vertex, say v
colored i such that v has k − 1 neighbors of different colors. The b-chromatic number of G, denoted by (G), is the
maximum value k for which there exists a b-coloring using exactly k colors for the graph G.
The Grundy number of graphs was studied widely in the literature, see for example [10,7] and their references.
In this paper our particular goal is to obtain bounds for the Grundy number of graphs in terms of well-known graph
parameters. In the sequel we brieﬂy report some of the works done in this regard.
It is a folklore result that if G is a P4-free graph (i.e. P4 is not an induced subgraph of G) then (G)= (G), where
Pn is the path on n vertices. In [6], Kierstead et al. have shown that there is a function f () such that the Grundy
number of anyP5-free graphG is at most f ((G)), where(G) is the clique size ofG. Concerning the interval graphs,
it was shown in [5] that for any interval graph G, the First-Fit coloring uses at most 40(G) colors. This shows that
(G)40(G). Also some bounds in terms of clique number of graphs have been obtained in [3]. A hardness result
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Fig. 1. A tree T with (T ) = 4 and a Grundy 4-coloring.
from [10] shows that for any integer r0, to decide whether for a graph G, (G)(G) + r , is a coNP-complete
problem.
Concerning the Nordhaus–Gaddum-type inequality for Grundy numbers it was shown in [10] that for any forest F
of k components and n vertices (G) + (G)n − k + 3. It was also shown in [10] that (G) + (G)n + 2, for
regular and certain bipartite graphs G. This result is ﬁnally proved for all bipartite graphs and also graphs on less than
nine vertices in [2] where it was also shown that for any graph G of order n, one has (G)+(G)(5n+ 2)/4 and
this bound is the best possible.
In Section 2 we obtain a bound for line graphs and another bound for general graphs in terms of clique partition
number to be deﬁned in Section 2. In Section 3 our bounds are in terms of vertex degrees and girth. In the last section
we prove that if the Grundy number of a graph is large enough then the graph contains a subgraph of prescribed large
girth and Grundy number.
2. Line graphs and minimum clique partition
Let G be a graph of maximum degree and L(G) be the line graph of G.A Grundy coloring of L(G) is equivalent to
a Grundy coloring of the edges of G. It is clear that (L(G))2− 1. In [1], Bar-Noy et al. showed that First-Fit
coloring is optimal as an on-line edge coloring. Precisely, they provided a graph of maximum degree  and O( 2−1 )
vertices for which any on-line edge coloring algorithm requires at least 2(G)− 1 colors. This implies that for graphs
with n vertices and O(log n) maximum degree one can do no better than the greedy on-line coloring in the worst case.
The following theorem gives an improvement over the 2(G) − 1 bound for triangle-free graphs G where there are at
most (G) independent edges. In the following theorem by the matching number of a graph we mean the maximum
number of independent edges in the graph.
Theorem 1. Let G be a triangle-free graph with matching number m. Then
(L(G))(G) + m − 1.
Proof. Let (G) =  and assume by contrary that there exists a Grundy coloring for the edges of G where at least
 + m colors are used. Let e be an edge colored  + m and u, v its endpoints. Let the set of colors appeared at the
edges incident to u (resp. v) be L1 (resp. L2). Set |Li | = li . Assume that L1 ⊆ L2. Then all colors 1, 2, . . . ,+m− 1
should be in L2. Since  is the maximum degree, hence m = 1. This implies that G should be the star graph K1, and
for stars we have (L(G)) = (K) = . We may assume now that L1\L2 and L2\L1 are both non-empty sets.
Notice that each color in {1, . . . ,+m− 1} appears in L1 ∪L2. Let c be the smallest color in (L1\L2)∪ (L2\L1).
Then each color in {1, 2, . . . , c − 1} appears in L1 and in L2. Therefore
l1 + l22(c − 1) + + m − c = + m + c − 2.
Assume that c ∈ L1. We have  − 1 l1 + m + c − 2 − l2 and so l2m + c − 1. Hence at least m colors in L2
are greater than c and each of these colors requires an edge neighbor colored c. Since G has no triangle, these m edges
(i.e. those colored c) in addition to our previous edge colored c form a matching of size m + 1, a contradiction. 
We note that the bound in Theorem 1 is tight in the sense that for any two positive integers m and n, mn, there
exists a graph G of maximum degree n and the matching number m such that (G) = (G) + m − 1. As an example
it can be shown that (L(Km,n)) = n + m − 1, where m = n.
A clique partition of a graph G is any partition of V (G) into subsets say C1, C2, . . . , Ck in such a way that the
subgraph of G induced by Ci is a clique, for each i. We denote by (G) the minimum number of subsets in a clique
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Fig. 2. A bipartite graph G with (G) = 6 and (G) = 5.
partition of the graph G and call it the clique partition number of G. We note that for any graph G, (G)= (G); also,
if (G) = k then G is the complement of a k-partite graph. In [8] it was shown that for any graph G with the clique
partition number (G) = k and clique number , (G)k2/(2k − 1). It was proved in [3,9] that (G)3(G)/2
for any complement of bipartite graph G. The following theorem generalizes this result.
Theorem 2. Let G be a graph. Set (G) = k and (G) = . Then
(G) k + 1
2
.
Proof. Let ni be the number of color classes of cardinality i in a Grundy coloring of G with (G) = m colors. Since
(G) = k then ni = 0 for i > k and therefore m = n1 + n2 + · · · + nk . Let {vi}, i = 1, . . . , n1 be the classes of
cardinality one. Since the coloring has Grundy property therefore all of these vertices are adjacent to each other. We
conclude that n1. Each clique in a clique partition of G has at most vertices, therefore nk. On the other hand,
n = n1 + 2n2 + · · · + knk .
We have now
m − n1 = n2 + · · · + nk
n2 + 32n3 +
4
2
n4 + · · · + k2nk
(k− n1)/2
 k + 1
2
− n1.
This complete the proof. 
Although the Grundy property seems to be weakly used in Theorem 2, but the following result shows that the bound
is the best possible. Before stating the next theorem we recall the concept of the strong product HKn of a complete
graph Kn and an arbitrary graph H . The vertex set of HKn is the Cartesian product V (H) × V (Kn). Two vertices
(v, i) and (u, j) are adjacent if and only if either v = u or uv ∈ E(H). We observe that if we replace any vertex v of
H by a clique Qv of size t and then for any two adjacent vertices u, v of H , connect any vertex of Qv to any vertex of
Qu what we obtain is HKn.
Theorem 3. For any positive integers k and t , there exists a graph G with (G) = k and (G) = 2t such that
(G) = t (k + 1).
Proof. We ﬁrst explain our construction for the case  = 2. In Fig. 2, a bipartite graph G (so  = 2) with a Grundy
6-coloring is illustrated. Since (G) = 5 then (G) = 6. On the other hand, the vertices of G can be easily covered
by 5 edges, i.e. (G) = 5. Now let k > 1 be an arbitrary integer. Let Bk be a graph obtained by deleting a matching of
size k − 1 from the complete bipartite graph Kk,k . Similar to the Grundy coloring in Fig. 2, a Grundy k + 1-coloring
for Bk can be easily obtained. Since Bk admits a perfect matching then (Bk) = k. We have (Bk) = (Bk) + 1.
For arbitrary k and t we construct a graph G as follows. We ﬁrst consider the graph Bk . Then we replace any vertex
v in Bk by a clique Qv of order t . Let u and v be any two vertices of Bk . If they are not adjacent in Bk then there is no
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Fig. 3. A graph G with (G) = 8, (G) = 3 and (G) = 16.
edge between Qu and Qv . Otherwise any vertex in Qv is adjacent to any vertex of Qu. This completes the construction
of G for which (G)= (k + 1)t − 1. We note that the graph G is the same as BkKt . Since Bk has a perfect matching,
(Bk) = k, and it can be easily seen that (G) = k. On the other hand, it can be easily seen that (BkKt) t(Bk)
and also (BkKt)(BkKt) + 1 = t (k + 1). Now (Bk) = k + 1 implies that
(BkKt) = t (k + 1).
An explicit Grundy (k + 1)t-coloring for the graph G = BkKt can be obtained as follows. The special case  = 8
and k = 3 is considered in Fig. 3 where the graph B3K4 is displayed. Let us recall from the above paragraph that B3
is K3,3 minus a matching of size 2. In Fig. 3 any vertex in B3 is replaced by a clique of order t = 4. Each rectangular
box in the ﬁgure is a clique of order 4. Any edge between any two boxes means that all vertices in these two boxes are
adjacent to each other. A Grundy 16-coloring is given in the ﬁgure. For general k and t , similar to the coloring given
in Fig. 3 we color the vertices of a clique Qu in G by t (k + 1), t (k + 1) − 1, . . . , tk + 1 and the vertices of the other
clique Qv by tk, tk − 1, . . . , t (k − 1) + 1 where u and v are the only vertices of degree k in Bk . Then there will be
exactly two cliques having colors tj , tj − 1, . . . , t (j − 1) + 1 for each j = 1, . . . , k − 1, as shown in Fig. 3 where
j = 1, 2. 
3. Vertex degrees and girth
The bound (G)(G) + 1 is a trivial bound for the Grundy number of a graph G of maximum degree (G). For
example the star graphs have arbitrary large maximum degree but their Grundy number is two. In the following we
give a new bound in terms of vertex degrees of graph.
Theorem 4. For any graph G of edge set E,
(G) max
(u,v)∈E min{d(u), d(v)} + 1.
Proof. Let (G) = t and consider a Grundy t-coloring of G. There exist two adjacent vertices x and y having color t
and t −1, respectively. Note that d(x) t −1 and d(y) t −1. Therefore min{d(u), d(v)}(G)−1. This completes
the proof. 
The bound of Theorem 4 is obviously an improvement of (G)+ 1 bound and in most cases is strictly better than it,
for example for any star graph G, Theorem 4 gives (G)2. In the sequel we obtain an upper bound for the Grundy
chromatic number of a graph in terms of girth.
We need to introduce two families of trees Tt , t =1, 2, . . . and Tl,t , where 1 l t +1. Set T1 =K1 and T2 =K2. The
tree Tt is obtained by Tt−1 by adding one leaf to each vertex of Tt−1. For example T3 = P4 the path on four vertices.
Since (T3) = 3 then by induction on t we observe that (Tt ) = t . As pointed out in [10], any tree T with (T ) = t
has at least 2t−1 vertices, and up to isomorphism there is only one tree with this minimum order and that is Tt . We note
that (Tt ) = t − 1. Let v be a vertex of degree t in Tt+1. We denote by Tl,t the subgraph of Tt+1 consisting of vertices
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Fig. 4. The trees T3,3 (left) and T4,4.
with distance at most l − 1 from v in Tt+1. In fact the tree Tl,t consists of l levels where the vertex v is itself in the ﬁrst
level and the level i contains the vertices of distance i − 1 from v. For example T3,3 and T4,4 are depicted in Fig. 4.
We observe that the ith level in Tt+1 contains
(
t
i−1
)
vertices. Therefore the order of Tl,t is
∑l−1
i=0
(
t
i
)
. On the other
hand it is easy to see(
t
0
)
+
(
t
1
)
+ · · · +
(
t
l − 1
)
=
(
t + 1
l − 1
)
+
(
t + 1
l − 3
)
+
(
t + 1
l − 5
)
+ · · · . (1)
Theorem 5. Let G be a graph on n vertices of girth g5. Let also  g−12  = k. Then
n
⎧⎨
⎩
∑k
i=0
(
(G)−1
i
)
if k + 1(G),
2(G)−1 otherwise.
Proof. Let (G) = t . Assume ﬁrst that k + 1 t . In this case to prove the theorem we have to show that
n
k∑
i=0
(
t − 1
i
)
.
For this purpose it is enough to show that Tk+1,t−1 is a subtree of G. Since Tk+1,t−1 has
∑k
i=0(
t−1
i
) number of vertices
then |V (G)| will satisfy the required bound above.
Let v be a vertex colored t in a Grundy coloring C of G using t colors. In the following we make use the fact that
in the coloring C every decreasing sequence of positive integers starting in t will appear as the sequence of colors in
a path starting from the vertex v. The vertex v has t − 1 neighbors u1, . . . , ut−1 in such a way that ui is colored i in
G. We observe that the vertices v and ui’s create a subgraph of G isomorphic to the tree T2,t−1. Now each ui , i2
has a set of neighbors with different colors 1, 2, . . . , i − 1 and hence of cardinality i − 1. Because the girth of G is at
least g5, all of these neighbors of u2, . . . , ut−1 are distinct. This adds a third level to T2,t−1 and provides us the tree
T3,t−1. Considering this method and noting that the girth of G is 2k + 1 and also k + 1 t , we can continue until level
k + 1 to obtain a tree isomorphic to Tk+1,t−1. This means that Tk+1,t−1 is a subtree of G, as required.
In the case that k t the above argument shows that G contains Tt,t−1 as a subgraph but Tt,t−1 = Tt is of order 2t−1.
Therefore 2t−1n. 
Using the equality (1), Theorem 5 shows that if G is a graph on n vertices and girth 2k + 1 then n((G)
k
). We have
therefore the following corollary.
Corollary 1. LetF be a family of graphs of girth at least 2k + 1. Then the greedy coloring colors any member G of
F using O(kn1/k) colors, where n is the order of G.
In 1969, Erdös and Hajnal made the following conjecture. There exists a function f (k, g) such that any graph G
with (G)f (k, g) contains a subgraph H of girth g and (H) = k. This problem is a well-known open problem as
mentioned in section 7.5 of [4].We may ask a similar question for Grundy numbers. Is it true that if the Grundy number
of a graph is large enough then it will contain a subgraph of large enough girth and prescribed large Grundy number?
The Erdös–Hajnal conjecture is of course much more non-trivial than the above question. One important difference
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is that an acyclic graph may have arbitrary large Grundy number but this is not the case for the chromatic number.
The following theorem answers afﬁrmatively this question. Note that if a graph is acyclic then its girth is inﬁnity by
deﬁnition.
Theorem 6. Let k1 be an arbitrary integer. LetG be a graph with(G)2k−1. ThenG contains a tree T of Grundy
number k.
Proof. We recall from the description of trees Tt before Theorem 5 that the tree Tk is the only tree of the smallest order
2k−1 having the Grundy number k. Note that if x and y be the only vertices of degree k − 1 in Tk then they are adjacent
and if we delete the edge xy from Tk , what we obtain is two separated copies of Tk−1. In the sequel we show that if
(G)2k−1 then G contains a subtree isomorphic to Tk .
Let v be any vertex of G which receives the color 2k−1 in some Grundy coloring of G. We prove by induction on k
that G contains a subtree isomorphic to Tk which contains the vertex v such that v has degree k − 1 in the subtree. Let
C be any Grundy coloring of G using at least 2k−1 colors and denote the color class consisting of the vertices colored
i in C by Ci . Let v be an arbitrary vertex in C2k−1 . Since C is a Grundy coloring then v has a neighbor in C2k−2 , say u.
By induction there exist two copies of Tk−1 one in C1 ∪ · · · ∪ C2k−2 containing the vertex u where u has degree k − 2
and another in the rest of the graph (i.e. in C2k−2+1 ∪ · · · ∪ C2k−1 ) containing v where v is of degree k − 2. These two
copies of Tk−1 are now connected by the edge uv to form a subtree isomorphic to Tk containing v with the required
property. This completes the proof. 
We end the paper with mentioning an open problem. Let us ﬁrst introduce the following notation:
(n, g) = max{(G) : |V (G)| = n, girth(G) = g}.
The afﬁrmative answer of Füredi et al. [2] to the problem [11] implies that (n, 5) = (√n), which in combination
with Theorem 5 yields (n, 5)=(√n). Corollary 1 shows that (n, g)=O(kn1/k), where g = 2k + 1. We can pose
the following question for girths greater than ﬁve.
Question. Is it true that (n, g) = (kn1/k), where k =  g−12 ?
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